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Analysis of External Burning on Inclined Surfaces in
Supersonic Flow
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Johns Hopkins University, Laurel, Maryland 20723

An earlier analysis of a viscous mixing region with heat addition interacting with a supersonic external flow
has been extended to include cases with a sloped wall beneath the viscous region. Also, cases with a supersonic
to subsonic transition at the viscous throat have been studied for the first time. Limitations on the allowable
heating value of the fuel that correspond to smooth subsonic to supersonic, or supersonic to subsonic transitions,
are delineated and explained. The effects of wall slope at the throat and external Mach number on these limitations
are shown. The results of calculations for representative cases show that it is possible to cancel base drag and
even produce net thrust for cases with downward sloped walls if the initial Mach number in the viscous zone
is supersonic prior to addition of heat. This corresponds to a supersonic to subsonic transition. For an initially
subsonic flow, the results indicate pressures below the freestream static pressure throughout the flowfield. This
means that only very limited drag from flameholders, such that the flow remains supersonic before heat addition,
are advisable. Finally, some directions for future work are outlined.

Nomenclature
A = area of the viscous region
A = dimensionless area
a = slot height
cp = specific heat
fs = fuel/air weight ratio
h = height
hf = heating value of fuel
K = constant in entrainment expressions
M = Mach number
m ~ mass flow in the viscous region
P = pressure
T() = total temperature
U = axial velocity
V = velocity in the viscous region
W = mlm*, normalized mass flux
x = axial coordinate
x = x/A*, normalized axial coordinate
j8M, = wall angle
y = ratio of specific heats
d = boundary-layer thickness
6 = deflection angle
p = density

Subscripts
e = edge conditions
i = initial conditions in the inject ant
0 = starting conditions in the mixing region
1 = undisturbed external stream conditions

Superscript
* = viscous throat values
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Introduction

T HERE is a long history of interest in the use of heat
release behind, adjacent to, or in front of supersonic

projectiles and vehicles to provide propulsion or improve per-
formance. l ~ n References 4 and 9 give reviews of the subject.

The analysis of such flows has proven challenging and in-
teresting. In many cases, the appearance of a viscous throat
with heat release plays a key role in the physics and mathe-
matics of the flow.7 Indeed, the study of the conditions at this
viscous throat often serves to delineate clearly the conditions
under which a presumed structure of the flow can or cannot
actually exist. The analyst or experimentalist who neglects
these important restrictions does so at his or her peril.

For design purposes, a relatively simple, and thus, com-
putationally inexpensive analysis that retains at least approx-
imate models of all the important physical, chemical, and
mathematical features of the flows of interest is required.
Analyses of that type for base burning cases were successfully
developed in the 1970s.7-8 10 The key features of those treat-
ments were 1) the assumption of one-dimensional flow in the
viscous region, 2) in viscid/viscous interaction with linearized
supersonic theory in the external flow, 3) turbulence modeling
through an expression for entrainment, and 4) a simple, one-
step, diffusion-controlled model for heat release. A viscous
throat appeared and played a central role in these analyses.
Various extensions to other conditions have been devel-
oped.11-12 These treatments predicted all the major qualitative
and quantitative features of such flows that have been ob-
served in experiments.

The present work involves extensions of the earlier analyses
in two important ways. First, the occurrence of sloped surfaces
that might occur along the nozzle of a large hypersonic, air
breathing vehicle are now allowed. The interest here is in
drag reduction at transonic and low supersonic Mach num-
bers. Second, attention is also focused on smooth supersonic
to subsonic transitions through the viscous throat as well as
the subsonic to supersonic transitions that occur in the classical
base burning cases.

Analysis
The flowfield to be analyzed is shown schematically in Fig.

1. The complete flow will be treated with a modular approach.
The upstream module (Module I) encompasses the combustor
exit flow, the captured part of the external stream, any extra
fuel injection, and a flameholder, if desired. Pressure mis-
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Fig. 1 Schematic illustration of the flowfield to be analyzed: a) com-
plete flowfield and b) flowfield for Module II.

match between the combustor exit and the external flow is
allowed. Module II encompasses the rest of the flow using
the exit from Module I as inflow conditions. These conditions
are taken as one-dimensional averages in the transverse di-
rection.

A schematic diagram of the flowfield model adopted for
Module II is shown in Fig. Ib. The analysis of Module II will
be discussed first. Also, some problems might not have an
actual Module I if the upstream arrangement of interest is
simpler than that shown in Fig. la. The external stream is
presumed supersonic, and the inner stream may be initially
either subsonic or supersonic.

Downstream of the initial station for Module II, the inner
flow is treated as a one-dimensional flow whose change in
properties with x represents a suitable average of the real
fluid properties with mass entrainment from the outer stream.
The equations developed in Ref. 13 are used to define the
Mach number change in the inner stream, viz. ,

dM2

M2 = -2
1 + [(y- 1)/2]M:

1 - M2

+ yM2 - - (1 + yM2)

|~dL4
I*

dml
m\

1 + yM2 dT0

(1)

Here, we have assumed that the ratio of specific heats and
the molecular weight of the fluid remain constant. This as-
sumption can be relaxed with only a small penalty in added
complexity.

The term (UJV)(dmlni) represents the momentum contri-
bution of freestream fluid that is entrained into the mixing
zone. Taking Ue = Ult the freestream velocity upstream, and
employing the required identities results in

U^dm = MI
V m ~ M

[(y - 1)/2]M2}
1 + [(y - (2)

Consider now the stagnation temperature change term dT0/
T0. When the fluid in the inner stream is initially fuel rich, it
can react with the freestream fluid mixing downstream and
produce a TQ change by two effects. First, freestream fluid
entrained into the mixing zone carries with it thermal energy
based upon Tol. This can either heat or cool the mixing zone,
depending on the relative magnitudes of Tol and T0. Second,
heat can be released in proportion to the amount of freestream
fluid entrained into the fuel-rich mixing zone and the heating
value of the fuel. If we take a simple, constant heating value

model of the reaction, these two effects can be represented
as

- T0 /y/J dm
cPTo\ ™

(3)

This simple expression carries a profound message in that
unless the second term in the bracket is larger than the first,
there will be net cooling even though there is heat release.
That situation can easily occur if the inner stream is initially
hot and contains a fuel with a low heating value.

It remains now to model the turbulent transport processes
which appear here as entrainment, i.e., dm/dx. Crocco and
Lees14 used, principally for boundary-layer-type flows, simply

(4)

where A" is a constant —0.01-0.03. The higher values were
for separated or separating flows. For the present problem,
it appears necessary to extend this relation to account for the
extremely small amount of entrainment for the situation in
which peUe = pU, i.e., the mass flux in the freestream and
the inner viscous zone are the same. Most successful eddy
viscosity models predict a zero Reynolds stress for the same
condition. Thus, we have employed

1- (5)

Extensive comparisons of predictions and experiment have
led us to adopt a "universal" value K = 0.02. Also, the mass
flow rate m has been nondimensionalized by the value at the
viscous throat, (m)*, i.e.,

W=«L = pUA
(pUAY

where A = A/A*. With this and Eq. (5), we get

(6)

Pu/Plul

which can be easily related to the dm/m terms in Eq. (1).
Finally, the pressure variation in the inner flow, which must

be balanced with that in the outer flow at the same x, is given
by

j_dP = j_dm _ J_cL4
P dx m dx A dx

_ 1 dM2 f 1 + (y - 1)M2

2M2 dx |l + [(y - 1)/2]M:

dr°
The outer, inviscid, supersonic flow is assumed to be ade-
quately described by the linearized supersonic theory:

dP
P VM2 - 1

In order to determine 0, one can write

dm T-*= «
Now using Eq. (5)

dO (9)

(10)

(11)



604 SCHETZ, BILLIG, AND FAVIN: ANALYSIS OF EXTERNAL BURNING

Thus

p

Compatibility Condition
Matching the pressure in the inner and outer regions, i.e.,

Eqs. (8) and (12), gives

\ d \dA ( PU\
" K " W

}_dA _^_ dTo _ J_ dM^ I" 1 + (y - 1)M2 1
A dx + 2T0 dx 2M2 dx [l + [(y - 1)/2]M2J

This can be integrated to yield

^ p ^ / ^ ] VMf^I
yM\

x /;/
MA\ V[2/(y
W

- (ft, - (14)

The solution would be straightforward except for the occur-
rence of the (1 - M2) term in the denominator of Eq. (1).
This singularity is more than just a nuisance, however, since
it is the key to setting the initial pressure for a given set of
conditions. Only one value of the initial pressure for a given
problem will allow a smooth passage through the viscous throat.
To determine the starting conditions, it is necessary to apply
L'Hospital's Rule to Eq. (1). Leaving out the requisite de-
rivation, the result may be written schematically

dM2

d*
-b +

(15)

where

- K exp| -yAf? /d4\
+ P», - (pur

(y [(y -
i)/2](r01/r*)

+1
- ^y(y + 1)

-2y + i)/2](r01/r0*)
VI + [(r - 1)/2]M?

(16)

= (y + l)VMf - 1 UdAY _ J_dT\\ _ dW

dx) \+ V[(r + TO

exp
pu

y Vi + [(r-

Mathematical Overview and Initial Conditions
The mathematical formulation is contained in Eqs. (1) [with

(2)], (3), (7), and (14). They were all rewritten in terms of
nondimensional variables and programmed for solution by
means of the Adams-Moulton or Gear (if the system is "stiff")
method. The well-tested routine DIVPAG from IMSL was
used. The system is often stiff. As in Ref. (14), it is more
convenient to begin the analysis at the viscous throat with
assumed conditions and proceed upstream seeking a matching
of the initial conditions through successive iterations, than to
guess the initial conditions and seek to pass through the saddle
point singularity. Moreover, each solution generated in the
iterative procedure corresponds to a valid solution for a set
of initial conditions and thus provides a library of solutions
that can be used for parametric studies, other particular prob-
lems, etc. Once the desired upstream match is found, the
solution can also be found downstream of the viscous throat
using the same numerical methods.

The starting conditions in the mathematical analysis are,
therefore, the viscous throat conditions, viz.

M = A = W =

(17)

The ( + ) sign before the quadratic in Eq. (15) is the appro-
priate choice on the basis of the second law. It is important
to note here that we must have c > 0 in order to have a
passage from a subsonic to a supersonic flow at the viscous
throat. For a smooth supersonic to subsonic passage, c < 0.
This has a significant effect on the solution, as will be seen
later.

The analysis of Module I is relatively simple from a math-
ematical point of view. We apply conservation of mass, mo-
mentum, and energy in an integral sense with one-dimensional
averages for the inflow and outflow streams. Entrainment
from the external flow is modeled as for Module II. The
flameholder is represented by a given area and drag coeffi-
cient. A simple, one-step model is again used for heat release.
This all results in a system of algebraic equations with the
outflow conditions and the length of Module I as the un-
knowns. Solutions for a given set of conditions are sought for
a range of values of the output pressure ratio P2IP\- This
produces a trace of P2IP\ vs p2U2/plUl. The correct solution
is found by intersection with the solution of Module II pro-
ceeding upstream from the viscous throat. The process will
be clarified and illustrated in the Results section below. This
produces a complete, composite solution for the whole flow.
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Results
We begin with results from Module II standing alone. This

is for clarity and to illustrate some important points. Also,
some flow problems may not require a Module I at all. That
might happen when there is no flameholder or extra fuel
injection and the pressures are matched at the end of the
combustor.

The reader can refer to Refs. 7, 8, and 10-12 for extensive
comparisons of the predictions of the basic analysis with ex-
periment over a wide range of conditions. These comparisons
serve to demonstrate the adequacy of the various assumptions
and modeling choices made including, in particular, turbu-
lence modeling through an entrainment law and the universal
value K = 0.02. However, all of the cases considered in those
works did not have sloped walls or supersonic to subsonic
passage through a viscous throat.

There is one relevant experiment in the literature with sloped
walls.13 However, that experiment is supersonic (My = 1.98)
slot injection into a supersonic (Mv = 2.85) stream with down-
stream wedges of various positive angles, such that there is
no viscous throat in the flowfield. Also, the larger wedge
angles produced large separation zones that cannot be treated
by the present type of analysis. Nonetheless, it is useful to
make comparisons of the predictions of the current type of
analysis12 with the limited data available for a 5-deg wedge
case. The only data available is P(x) before the wedge and
schlieren photographs. A comparison of the predicted and
measured P(x) is shown in Fig. 2. Also indicated is the pres-
sure rise on a 5-deg wedge in a uniform Ml = 2.85 flow for
reference. One can expect the current flow to achieve that
value far downstream. This is a complex ease, since PJ/Pl <
1 leading to a wave structure in the inner stream. In spite of
all this, the comparison can be judged as reasonable. It is also
possible to measure A(x) from the schlieren photographs and
compare with the predictions. The comparison is good but
rather uninteresting, since the initial pressure adjustment,
turbulent entrainment, and the wedge turn all combine to
produce an A(x) that varies little in the range of the experi-
mental observations. We take these results as a limited jus-
tification of our treatment of the influence of a sloped wall
in the flow.

We mentioned earlier that the sign of "c" in Eqs. (15) and
(17) is very important in determining the types of flowfields
that can exist with smooth passages through the viscous throat.
In classical base flow problems with injection and burning,
the initial conditions in the inner stream are generally low
subsonic with a supersonic external stream. In such cases, the
passage through the viscous throat is from subsonic to super-
sonic conditions. We found that this required c > 0 (Ref. 7),
and that led to surprisingly tight restrictions on the combi-
nation of flow conditions and parameters allowed. In partic-
ular, only fuels with a relatively low net heating value could
be used. Here, we wish to consider supersonic to subsonic
passage through a viscous throat with heat release also. A

, =1.5, T01 -700,GAM-1.4IK«0.02,K =0
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Fig. 2 Comparison of prediction and experiment for wall pressure
distribution for slot injection over a ramp.

Fig. 3 Limitations on allowable heat release implied by conditions at
the viscous throat.

typical map of the allowable conditions is shown on Fig. 3 for
a set of representative flow conditions. The ordinate is the
heating value of the fuel, and the abscissa is the total tem-
perature at the viscous throat. The first boundary of interest
is the curve marked (dM2/dx)* = 0. The region below that
curve is for subsonic to supersonic passages through the vis-
cous throat, and the region above is for supersonic to subsonic
passages. Obviously, more heat release (higher hffslcp values)
is required to reduce the Mach number counteracting the
acceleration effects of shear from the external stream. How-
ever, we have found an interesting and important second
boundary denoted here by the dashed curve going up to the
right. Above this curve, the numerical solutions could not be
made to move smoothly upstream from the viscous throat.
Various attempts with very small step sizes, tight tolerances,
etc., failed to resolve this problem. The solution always seemed
to want to jump to another branch which had increasing Mach
number putting it back through the viscous throat the other
way. One finds that this boundary corresponds to cases with
dro/ro approaching zero from below. This is similar to the
"entropy limit" solutions, but with the limit approaching from
above, found appropriate in the analysis of Ref. 16. This
matter needs further study, but we believe that the limitations
implied are real.

The map such as shown in Fig. 3 is affected by both external
stream Mach number and the presence of wall slope at the
viscous throat. Increasing the external stream Mach number
moves the boundaries up. For example, with M1 = 2.0 and
Tol = 900°R, the (dM2/djt)* - 0 curve intersects the ordinate
at just over 1000 (compared to 500 at Ml = 1.5) and the
abscissa at about 3600 (compared to 2100 at Ml = 1.5). The
dashed curve also moves up to intersect the T$ = 4000 line
at about 2800 (compared to about 2400 at Ml = 1.5). For a
given M!, the effect of negative wall angles at the viscous
throat is to move the boundaries up somewhat.

Subsonic to Supersonic Transition
Consider first cases with a subsonic to supersonic passage

through the viscous throat. The usual base flow cases fall in
this category. Here, we shall be interested in showing the
effects of a sloped wall at the viscous throat. This kind of case
will arise in the external burning application whenever even
a modest loss mechanism is present, e.g., a low drag flame-
holder.

For illustrative purposes, a series of cases with Ml = 2.0,
r()1 = 900°R and 7? = 1800°R were chosen. A heating value
of the fuel of h/Jcp = 1100°R was selected, since that is near
the maximum allowed for a subsonic to supersonic passage
through the viscous throat at these conditions. The results of
three cases are shown in Figs. 4a-4c. The difference between
these cases is the magnitude of the slope of the wall. In Fig.
4a, the wall is straight, i.e., /3* = 0. It is most instructive to
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Fig. 4 Predicted flowfield upstream of the viscous throat for subsonic
initial flow in the viscous region with heat release: a) straight wall
(0* = 0), b) sloped wall (j8 * = -0.09), and c) sloped wall Q3* =
-0.30) with downstream prediction.

view the results as starting at the viscous throat (x/A* = 0)
and then proceeding upstream (x/A* < 0). Note that the
pressure at the viscous throat is slightly above P1? and that it
decays slightly at the assumed upstream "initial" conditions
TO = T01(TJTS = 0.5). The total temperature increases steadily
and smoothly from that point downstream to the viscous throat.
Likewise, the Mach number increases steadily from an initial
value of about 0.5 at that point up to a unity value at the
throat.

The case in Fig. 4b is different by the presence of a down-
ward sloped wall at the viscous throat ()3* = -0.09). Pro-
ceeding upstream, the wall slope is decreased starting at xwl
to a value of 0 at xw2- The first result is to shorten the flowfield
in dimensionless terms (x/A*). The second obvious result is
a decrease in pressure at the viscous throat to a value of about
0.86/V With some slight variations, it ends up about at the
same value at the upstream initial conditions where T0 = Tol.
The Mach number at that point for this case is about 0.38.
The behavior of the pressure should not be surprising, since,
without heat release, there would be a substantial expansion

over the sloped wall. If the approach flow to the ramp were
uniform at the external stream value of Ml = 2.0 and there
were no heat release, the pressure on the sloped wall would
drop to 0.74/V

In Fig. 4c, the results for a wall with a greater downward
slope (j3* = —0.30). are given. The flowfield is foreshortened
more in dimensionless terms. The pressure at the viscous
throat is reduced to approximately 0.51P1? and it increases
slightly to 0.55^! at the upstream initial point. The Mach
number at that point is reduced to about 0.25. Again, with
no heat release, one could expect the pressure to reduce to
0.34Pl on the ramp. Also shown on Fig. 4c are the results of
calculations downstream of the viscous throat (x/A* > 0).
Nothing startling happens. The Mach number (now > 1.0)
and the total temperature contrive to increase smoothly and
rather slowly. The pressure remains nearly constant.

The behavior of the total temperature variation for these
typical cases can be understood more closely by referring to
Eq. (3). At the "initial," upstream station, T0 = T01, so that
the first term in the brackets is 0, and the second term is
positive and relatively large. The value of TQ in the denom-
inator is at its minimum. Proceeding downstream, T0 > Tol,
so that the first term becomes negative and the second term
becomes smaller. This results in a rapid initial increase in T0,
followed by a steadily decreasing rate of increase downstream.

Supersonic to Subsonic Transition
A case of this type can be constructed by taking a case such

as in Fig. 4c and presuming a fuel with a higher heating value.
Looking at Fig. 3, one can see that a higher heating value
can move the problem into a regime where (dM2/dxr)* < 0.
We have selected hffjcp = 1500°R and a higher total tem-
perature at the viscous throat of T% = 2700°R to go with
it. These conditions are just below the dashed boundary in a
M! = 2.0 plot corresponding to Fig. 3.

The predicted flowfield results are plotted in Fig. 5. Several
important differences are immediately apparent compared to
the corresponding case in Fig. 4c (same Af l9 Tol, ]8*). First,
the Mach number decreases rather rapidly through the throat.
One can postulate an upstream initial condition where M =
M! = 2.0. Second, T0 now slowly decreases through the whole
flow. Third, the pressure at the throat is 0.71P1? and it de-
creases to Q.llPl at the initial station. Perhaps more impor-
tantly, we see P > Pl after some distance downstream of the
throat. Values approaching 1.5 Pl are clearly possible. This is
a very promising result, since it implies that net thrust may
indeed be achievable under such conditions. How this pres-
sure field is produced can be better understood by examining
the viscous area distribution (A/A*)(x). At the upstream
boundary, the area change is sloped down corresponding to
a low pressure. It reaches a minimum (not at the viscous
throat) and then increases. This increase is rather rapid on

M1=ZO>To1=900°R,To
1 500° R,p* = -0.30

15

Fig. 5 Predicted flowfield for supersonic initial flow in the viscous
region with heat over a sloped wall (ft* = —0.30).
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Fig. 6 Composite solution for a representative case.

the subsonic side, and this leads to an increasing pressure by
interaction with the external supersonic stream.

Joining with Upstream Module Solutions
Consider a case as in Fig. 4b as an illustrative example. The

additional parameters necessary to describe the flow in Mod-
ule I are: P/P,, My, CD, Hl (the height of the flameholder)/
Hj, and TOJ. Calculations were run with values of 0.50, 0.10,
1.50,0.15, and 900°R. The trace of possible solutions is shown
as the solid line in Fig. 6. The trace of the solution of Module
II from the viscous throat upstream for the case in Fig. 4b is
shown as a thin solid line on Fig. 6, and the unique solution
to this whole problem is the intersection of the two traces.
One can then investigate the effect of the heat release pa-
rameter, as an example, on the solution. A Module II solution
trace with h/s/cp reduced to 500°R is plotted as a medium
solid line in Fig. 6, and a solution with this parameter reduced
all the way to 0.0 is plotted as a short-dash line in Fig. 6.
Clearly, reducing the heat release reduces the static pressure
on the ramp.

Conclusions
Analysis of a viscous mixing region with heat addition in-

teracting with an external supersonic flow has been extended
to cases with a sloped wall beneath the viscous region. Also,
cases with a smooth supersonic to subsonic passage through
the viscous throat have been considered in detail for the first
time.

An essential feature of such flows is the behavior of the
solution at the viscous throat. Various limitations exist on the
types of flows that are allowed for a given combination of
conditions and parameters. For example, if a flow that is
initially subsonic in the viscous zone is to pass smoothly into
the supersonic regime through the viscous throat, the heating
value of the fuel is bounded from above for a given set of
M,, rol, and Tf}. Higher heating values correspond to a super-
sonic to subsonic passage. For cases with a supersonic to
subsonic passage, another boundary was empirically found
that limits the magnitude of the heating value. It corresponds
to (dro/ro) < 0 and is analogous to the entropy limit solutions
for flow in ducts with heat addition found in Ref. 16. This
means that the net heating values allowed are restricted to a
rather narrow band for supersonic to subsonic transitions. If
the wall is sloped down at the viscous throat, all these bound-
aries move up, corresponding to higher allowable net heating
values. Increasing M, also moves the boundaries up, but only
slightly.

The existence and meaning of these limitations may seem
puzzling and indeed troubling. They do, however, really exist.
For example, analyses of the type developed here correctly
predict the limitations on base pressure behind a blunt-tailed
body in a supersonic flow with base injection, with or without
burning. For a given mass flux of injectant at subsonic speeds
through the base, one cannot independently set the pressure

at the injection point. Conditions at the downstream viscous
throat with a subsonic to supersonic passage restrict the up-
stream base injection pressure to a unique value. It is worth
noting here that no in viscid solution procedure, no matter
how sophisticated, can correctly predict such a flow.

The result of all of this is important from a practical point
of view. Earlier calculations have shown that it is difficult to
get P > P! by more than a few percent with base burning
using subsonic injection (on the average over the base area).
Extensive experimental studies have confirmed that result.
The limitations are a direct result of conditions at the viscous
throat. The present calculations show that sloping the wall
down at the viscous throat with subsonic initial conditions
shifts the level of the static pressure down throughout the
flow. A typical case with a — 17-deg wall slope at Ml = 2.0
has a static pressure of 0.51 Pl at the viscous throat, 0.55Pt
at the initial station, and 0.507^ far downstream. However,
if the initial upstream condition in the viscous region is super-
sonic, the pressure is low at the viscous throat (O.TlFj) and
very low at the initial station (0.17Pt), but it increases to
values P ~ 1.5Pt far downstream. That means that cancel-
lation of base drag and even production of net thrust is pos-
sible on sloped walls for the initially supersonic condition, but
not if the flow in the viscous region is initially subsonic. In
turn, that severely restricts the use of flameholders, since, at
low MI, even a modest drag from flameholders will lead to
subsonic flow ahead of the heat release zone.

Some discussion of what is likely to happen if the limits on
fuel heating value discussed in this article are violated is ap-
propriate. The first useful clue can be found in previous re-
lated work for flow in ducts with heat addition (see Ref. 13,
Chap. 7). There, it is shown that if the Aro is too great for a
given initial supersonic Mach number, a large scale rearrange-
ment of the upstream flow results such that a shock system
occurs in the supersonic nozzle leading to a reduced super-
sonic value of the initial Mach number approaching the heat
release zone. For very large AT0, the flow becomes subsonic
everywhere. If the initial flow is subsonic and AT0 is increased
above the maximum allowed, the upstream flow is again forced
to adjust now by reducing the flow rate and the initial Mach
number. These phenomena have all been verified by exper-
iment.

For the present flow problem, we believe that a high heating
value (too large AT0) will result in large scale upstream ad-
justments in the viscous region, and also likely the external
flow, in the form of shocks. A shock in the external flow,
e.g., changes the pressure and the Mach number, etc., and
this leads to changes in the viscid/inviscid interaction and
entrainment which can influence the actual AT0 that results.
This allows the flow to adjust to allowable conditions as in
the duct case. A second useful clue can be found in the ob-
servations of flows in ejectors. For certain combinations of
mainstream and injected stream conditions, large recircula-
tion regions are found to occur. Some workers attribute this
to a need to satisfy a certain entrainment rate into the mixing
zone by recirculating downstream fluid. Indeed, the flows in
ducts with heating just discussed usually involve recirculation
zones when upstream adjustments are produced. One can
then presume that embedded recirculation zones are likely to
occur in the present flow problem under those conditions.
Recirculation of downstream fluid changes the apparent ap-
proach values of the total temperature and the mixture ratio
in the viscous zone for a given entrainment rate. That can
change the effective heating value as needed.

The current type of analysis cannot predict the details of
the kind of phenomena discussed above. It can predict the
boundaries where some type of large scale rearrangement of
the flowfield will occur. One will have to look to careful
experimental studies to show the form of the rearrangements
that will occur in this flow problem. It should also be possible
for comprehensive CFD analysis to be used to study such
issues.



608 SCHETZ, BILLIG, AND FAVIN: ANALYSIS OF EXTERNAL BURNING

References

'Baker, W. T., Davis, T., and Matthews, S. E., "Reduction of
Drag of a Projectile in a Supersonic Stream by the Combustion of
Hydrogen in the Turbulent Wake," Johns Hopkins Univ., Applied
Physics Lab., Kept. CM-637, Silver Spring, MD, 1951.

2Townend, L. H., and Reid, J., "Some Effects of Stable Com-
bustion in Wakes Formed in a Supersonic Stream," Supersonic Flows,
Chemical Processes, and Radiative Transfer, edited by D. B. Olfe
and V. Zakkay, Pergamon, New York, 1964.

3Billig, F. S., "Supersonic Combustion at Storable Liquid Fuels in
Mach 3.0 to 5.0 Air Streams," Xth Symposium (International) on
Combustion, The Combustion Inst., Pittsburgh, PA, 1965.

4Billig, F. S., "External Burning in Supersonic Streams," Pro-
ceedings of the XVIIIth International Astronautical Congress, Per-
gamon, London, 1969, pp. 23-54.

5Smithey, W., and Fuhs, A. E., "Base Pressure Calculations with
External Burning," Aerodynamics of Base Combustion, edited by S.
N. B. Murthy, Vol. 40, Progress in Astronautics and Aeronautics,
AIAA, New York, 1976, pp. 407-424.

6Strahle, W. C., Mehta, G., and Hubbartt, J. E., "Progress on a
Base Flow Model for External Burning Propulsion," Aerodynamics
of Base Combustion, edited by S. N. B. Murthy, Vol. 40, Progress
in Astronautics and Aeronautics, AIAA, New York, 1976, pp. 339-
348.

7Schetz, J. A., and Billig, F. S., "Approximate Analysis of Base
Burning in Supersonic Flow," Aerodynamics of Base Combustion,
edited by S. N. B. Murthy, Vol. 40, Progress in Astronautics and

Aeronautics, AIAA, New York, 1976, pp. 385-406.
8Schetz, J. A., and Billig, F. S., "Simplified Analysis of Supersonic

Base Flows Including Injection and "Combustion," AIAA Journal,
Vol. 14, No. 1, 1976, pp. 7, 8.

9Murthy, S. N. B., and Osborn, J. R., "Base Flow Phenomena
with and Without Injection," Aerodynamics of Base Combustion,
edited by S. N. B. Murthy, Vol. 40, Progress in Astronautics and
Aeronautics, AIAA, New York, 1976, pp. 7-210.

IOSchetz, J. A., Billig, F. S., and Favin, S., "Approximate Analysis
of Axisymmetric Supersonic Base Flows with Injection," AIAA Jour-
nal, Vol. 18, No. 8, 1980, pp. 867, 868.

HSchetz, J. A., Billig, F. S., and Favin, S., "Analysis of Base Drag
Reduction by Base and/or External Burning," AIAA Journal, Vol.
19, No. 9, 1981, pp. 1145-1150.

12Schetz, J. A., Billig, F. S., and Favin, S., "Analysis of Slot
Injection in Hypersonic Flow," Journal of Propulsion and Power,
Vol. 7, No. 1, 1991, pp. 115-122.

13Shapiro, A. H., The Dynamics and Thermodynamics of Com-
pressible Fluid Flow, Ronald Press, New York, 1953.

l4Crocco, L., and Lees, L., "A Mixing Theory for the Interaction
Between Dissipative Flows and Nearly Isentropic Streams," Journal
of the Aeronautical Sciences, Vol. 19, No. 10, 1952, pp. 649-676.

15Gilreath, H. E., "An Investigation of Gaseous Tangential In-
jection in Supersonic Flow," Ph.D. Dissertation, Univ. of Maryland,
College Park, MD, 1968.

16Billig, F. S., and Dugger, G. L., "The Interaction of Shock Waves
and Heat Addition on the Design of Supersonic Combustors," XIIth
Symposium (International) on Combustion, The Combustion Inst.,
Pittsburgh, PA, 1969, pp. 1125-1134.

Tactical Missile Warheads
Joseph Carleone, editor

The book's chapters
are each self-con-
tained articles;
however, the topics
are linked and may
be divided into three
groups. The first group
provides a broad
introduction as well as
four fundamental
technology areas,
namely, explosives,
dynamic character-
ization of materials,

explosive-metal
interaction physics,
and hydrocodes. The
second group
presents the me-
chanics of three
major types of
warheads, shaped
charges, explosively
formed projectiles,
and fragmentation
warheads. The
interaction with

Place your order today! Call 1-800/682-AIAA

&AIAA
American Institute of Aeronautics and Astronautics

Publications Customer Service, 9 Jay Could Ct., P.O. Box 753, Waldorf, MD 20604
FAX 301/843-0159 Phone 1 -800/682-2422 9 a.m. - 5 p.m. Eastern

various types of
targets is also pre-
sented. The third
group addresses test
methodology. Flash
radiography and high-
speed photography
are covered exten-
sively, especially from
an applications point
of view. Special
methods are also
presented including

the use of
tomographic recon-
struction of flash
radiographs and the
use of laser interfer-
ometry.

1993, 745 pp.illus,
Hardback
ISBN 1-56347-067-5
AIAA Members $89.95
Nonmembers $109.95
Order #:V-155(945)

Sales Tax: CA residents, 8.25%; DC, 6%. For shipping and handling add $4.75 for 1 -4 books (call
for rates for higher quantities). Orders under $100.00 must be prepaid. Foreign orders must be
prepaid and include a $20.00 postal surcharge. Please allow 4 weeks for delivery. Prices are
subject to change without notice. Returns will be accepted within 30 days. Non-U.S. residents
are responsible for payment of any taxes required by their government.


